
4 Improved RL for LLMs

In the previous section, we introduced some improvements to RL, such as importance sampling and reward

baseline techniques. However, directly applying them to train LLMs still presents numerous challenges. In

this section, we will delve deeper into the improvements for using RL to train LLMs.

4.1 Advanced Reward Models

Reward models are a fundamental component in RL, as they define what a policy model optimizes for.

Therefore, the quality of reward model training directly influences the effectiveness of LLM optimization

during RLHF. A poorly trained reward model can lead to a suboptimal LLM, while a well-optimized reward

model ensures that the LLM is effectively aligned with the desired behaviors and objectives. Here we will

introduce several methods for obtaining advanced reward models. Our discussion will be relatively general,

since reward models are widely used in many RL problems, such as robot planning and control. This broad

applicability makes it straightforward to adapt the methods discussed here to other related applications.

4.1.1 Automatic Preference Data Generation

Although learning from human preferences is an effective and popular method for aligning LLMs, annotating

preference data is costly. Relying on human feedback not only faces scalability limitations but may also

introduce bias, as human feedback is inherently subjective. Consequently, AI-based feedback methods offer

a promising solution to address these scalability and consistency issues, avoiding the limitations associated

with human annotators.

One simple method is to generate preference data using an LLM. Given a set of inputs, we first use an

LLM to generate pairs of outputs. Then, we prompt the LLM to label the preference between each pair of

outputs, along with its corresponding input. Below is an example of prompting the LLM to generate a

preference label for a pair of outputs.
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Consider a homework assistant scenario in which a student types an input. You will review

two outputs to this input. Please indicate which output you prefer. A good output should
be informative, accurate, and well-articulated. It should directly address the student’s

question, provide thorough explanations or solutions, and maintain an encouraging tone.

Input:

Give me three tips to improve my accuracy in solving math problems.

Output A:

Improving math accuracy requires careful attention to detail, strategic problem-solving

techniques, and consistent practice. Here are three tips:

1. Practice regularly:

- Consistent practice builds fluency and familiarity with different problem types...

...

By combining your advice with these additional tips, anyone can significantly enhance their

math problem-solving abilities.

Output B:

There are three tips for improving accuracy in solving math problems:

1. Practice regularly.

2. Understand the concepts.

3. Double-check your work.

Output A is preferred.

Once we collect such preference labels, we can use them, along with the output pair and input, to train

the reward model. Of course, these labels are not entirely accurate either. Recent studies have shown that

AI-based feedback often exhibits a position bias problem, making it more likely to prefer the output shown

first (Zheng et al., 2023). We can consider demonstrating a few examples or using advanced prompting

techniques, such as Chain-of-Thought (CoT), to improve the labeling performance (Liu et al., 2023).

For data generation, although it is easy to scale up, it is often necessary to ensure the data is accurate

and diverse. Here, the data quality and diversity issues involve not only the labeling of preferences but

also the inputs and outputs of the model. Therefore, we often need to use a variety of techniques to obtain

large-scale, high-quality data. For example, one can generate diverse model outputs and annotations by

using different LLMs, prompts, in-context demonstrations, and so on (Cui et al., 2024b). Furthermore,

Dubois et al. (2023) report that the variability in pairwise preference data is important for training LLMs

from either human or AI feedback.

While learning from AI feedback is highly scalable and generally objective, this method is more suited to

well-defined tasks where objective performance metrics are available. By contrast, learning from human
feedback is more advantageous when aligning AI systems with human values, preferences, and complex

real-world tasks that require an understanding of subtle or subjective context. These methods can be

combined to train LLMs that benefit from both human insights and the scalability of AI feedback.

4.1.2 Reward Shaping

As discussed in Section ??, while the reward model is effective in capturing human preferences, it provides

sparse rewards. These rewards, known as delayed rewards, are received only at the end of the output

generation process, as opposed to intermediate rewards that would be distributed continuously throughout

it.
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x Give me three tips to improve my accuracy in solving math problems.

There are three tips for improving accuracy in solving math problems:

1. Practice regularly.

2. Understand the concepts.

3. Double-check your work.

y

Intermediate Reward: +1

Intermediate Reward: +1

Delayed Reward: +10.6

Figure 1: An example of reward shaping. Here, length-based shaping rewards are implemented, e.g.,

awarding a +1 intermediate reward for every 10 tokens generated. Additionally, a delayed reward from the

reward model evaluates the overall quality of the output at the end.

In fact, dealing with sparse rewards has long been a concern in RL, and has been one of the challenges

in many practical applications. For example, robotics often needs to shape the reward function to ease

optimization rather than relying solely on end-of-sequence rewards. Various methods have been developed

to address this issue. One common approach is reward shaping, where the original function is modified to

include intermediate rewards, thereby providing more immediate feedback. Here, the intermediate reward
is often an indirect signal for improving the delayed reward. For example, as shown in Figure 1, setting

a length-based reward as an intermediate reward encourages the generation of more content, potentially

increasing the overall quality of the final output as assessed by the delayed reward from the reward model.

Additional examples of reward shaping in training LLMs can be found in Kumar et al. (2025). In this way,

we can obtain

r′t = rt + f(x,y<t, yt) (1)

where r′(·) is the transformed reward, r(·) is the original delayed reward function, and f(·) is the shaping

reward function that provides an intermediate reward. To ensure the optimality of the policy under the

transformed reward function, the shaping reward function can be given in the form

f(x,y<t, yt) = γΦ(x,y<t+1, yt+1)− Φ(x,y<t, yt) (2)

where Φ(·) is called the potential value function. If we define Φ(·) as the common value function and

substitute Eq. (2) into Eq. (1), we obtain

r′t = rt + γVt+1 − Vt (3)

It is interesting to see that this function is exactly the same as the advantage function used in PPO. This

relates advantage-based methods to reward shaping: the advantage is essentially a shaped reward.

In practice, an alternative method for implementing reward shaping in training LLMs involves utilizing the

reward model to provide intermediate rewards based on the differences between output rewards (Bahdanau

et al., 2017; Wu et al., 2023). For example, at time step t, the intermediate reward rt can be obtained by

rt = R(x,y<t+1)−R(x,y<t) (4)

However, in this case, it is crucial that the reward model is capable of accurately assigning rewards for

partial outputs, i.e., {y<2,y<3, · · · ,y<T }.

In addition to reward shaping, another method to address the sparse reward issue is adopting curriculum

learning, where tasks are structured sequentially with gradually increasing complexity. This can help models

master simpler tasks first, which prepares them for more complex challenges as their skills develop. There
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Figure 2: When training reward models, we can use parameter freezing and regularization methods to

preserve the features of the LLM and thereby improve reward generalization.

are many methods that can mitigate the impact of sparse rewards, such as Monte Carlo methods and

intrinsic motivation. Most of these methods are general, and the discussion of them can be found in the

broader literature on RL, such as Sutton & Barto (2018)’s book.

4.1.3 Improved Reward Generalization

As discussed in Section ??, reward models are trained using preference data and subsequently used to

optimize LLMs. However, a problem arises: the data distribution during LLM optimization may differ from

the distribution of the preference data, making it challenging for the reward model to generalize to unseen

input-output pairs.

A well-known failure mode associated with this problem is commonly referred to as overoptimization or
reward hacking, where the optimization stage improves the reward model score but deteriorates the alignment

with true rewards (Gao et al., 2023; Eisenstein et al., 2023). This mode occurs because the reward model

may incorrectly assign high rewards to unseen input-output pairs, leading the LLM to learn and optimize

for behaviors that do not truly align with the desired behaviors and objectives. For example, consider a

scenario from Section ?? where the reward model is designed to favor informative and accurate outputs for

a homework assistant. However, if the reward model fails to generalize to an overly verbose output and

assigns a high reward to it (perhaps due to its length or certain keywords), the LLM may learn to prioritize

generating a long output, which is not actually more informative but receives a higher reward according to

the reward model. Consequently, the LLM becomes misaligned with its true objectives, delivering concise

and relevant information, because it optimizes for the incorrect reward signal from the reward model with

weak generalization.

Addressing this generalization problem is challenging, and no mature solution exists yet. The ideal approach

would be to develop an oracle reward model that perfectly captures the true objectives of the task and

generalizes across all input-output pairs during LLM optimization. However, creating such a model is

extremely difficult due to the complexity of the real-world environment, as well as the challenge of collecting

sufficient preference data. Instead, a more practical approach is to combine multiple reward models,

improving generalization and providing more accurate rewards (Coste et al., 2024).

Given a set of reward models, combining them is straightforward, and in some cases, we can simply treat

this problem as an ensemble learning problem. A simple yet common approach is to average the outputs of
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wnext token (‘A’ or ‘B’)

Minimizing the negative probability of token prediction:

− log Prϕ(w = A|[c,x,ya,yb])

Figure 3: In generative reward models, we use an LLM to predict the label token given a prompt, an input,

and a pair of outputs. This model can be trained in the same way as standard LLMs.

these models to obtain a more precise reward estimation:

Rcombine(x,y) =
1

K

K∑︂
k=1

wk ·Rk(x,y) (5)

where Rk(·) is the k-th reward model in the ensemble, wk is the weight of Rk(·), and K is the number

of reward models. This combined reward can then be used to supervise the training of a policy. In fact,

there are many ways to combine different models; for example, one can make predictions using Bayesian

model averaging or develop a fusion network to learn to combine the predictions from different models.

Alternatively, one can frame this task as a multi-objective optimization problem and use multiple reward

models to train the policy simultaneously. These methods have been intensively discussed in the literature

on optimization and machine learning (Miettinen, 1999; Bishop, 2006).

On the other hand, to improve the generalization of reward models, it is important to prevent overfitting to

preference data. Reward models are typically trained on an SFT LLM, which has a strong generalization

capability. However, training the LLM with a large amount of preference data could lead to overfitting,

which may ultimately reduce generalization performance. A common strategy to mitigate this issue is to
employ a parameter freezing technique, which helps preserve the original features of the LLM while learning

the reward model. Another practical approach is to add a regularization term to the preference learning

loss function, which helps regulate the features of the LLM (Yang et al., 2024). For example, we can use a
simple SFT loss as regularization by adding a term that maximizes the probability of the preferred output

ya to Eq. (??):

Lreg(ϕ) = −E(x,ya,yb)∼Dr

[︁
log Prϕ(ya ≻ yb|x) + α log(Prθ(ya|x))

]︁
(6)

where α is a balancing factor. We further illustrate the parameter freezing and regularization methods in

Figure 2. Note that the regularization term applies only to the LLM. That is, when optimizing this term,

only the parameters of the LLM are updated, while the parameters of the reward linear map remain fixed.

Therefore, in this equation, the parameter associated with the regularization term is θ, which specifically

refers to the parameters of the LLM.

4.1.4 Generative Reward Models

Reward models are typically trained as discriminative models to assign numerical rewards to outputs and

classify them as preferred or dispreferred. However, this method does not leverage the text-generation

capabilities for which LLMs are fundamentally designed (Zhang et al., 2025b; Wang et al., 2025). For

example, the discriminative reward model cannot perform CoT reasoning. To address this, an LLM can

alternatively be employed as a reward model, thus endowing it with the ability to engage in text generation
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and reasoning, as depicted in Figure 3. This model works as follows. First, we input a prompt c, along

with the tuple (x,ya,yb), to the LLM. The prompt is a description of the task, as demonstrated in the

example below.

You are given two outputs to an input. Evaluate which output is better based on quality,

relevance, and clarity. If the first output is better, return ‘A’. If the second output is better,

return ‘B’.

Then, the LLM predicts subsequent tokens based on this input sequence. Let w be the label token predicted

by the LLM and w∗ be the annotated preference label. If w∗ = A, it indicates a preference for ya over yb;

if w∗ = B, then yb is preferred. Note that here ya and yb do not have a pre-defined preference relationship

as described in Section ??. Their relationship is instead represented by the label token.

The loss function can be defined as the log-probability of predicting the annotated preference label:

Lgen(θ) = −E(c,x,ya,yb,w∗)∼Dr

[︁
log Prθ(w = w∗|s)

]︁
(7)

where s denotes the string [c,x,ya,yb]
1, and Prθ(·) denotes the probability of token prediction by the LLM.

Although we discuss methods for training a generative reward model here, an interesting question arises:

how can we use the generative reward model in RLHF? We provide some guidance as follows. Specifically,

when applying this generative reward model to provide a reward for an input-output pair (x′,y′), we can

generate a reference output yref by using the LLM, for example, through greedy search, and concatenate

x′, y′ and yref into s′ = [c,x′,y′,yref ]. Additionally, to mitigate the positional bias problem (Wang et al.,

2024b), we can introduce an alternative input order by transposing the positions of output, i.e., presenting

yref before y′, to construct a secondary input string s′T = [c,x′,yref ,y
′]. The reward for (x′,y′) is thus

defined as the probability that y′ is preferred over yref :

Rϕ(x
′,y′) =

Prθ(w = A|s′) + Prθ(w = B|s′T )
2

(8)

where the reward ranges from 0 to 1.

To further improve the generative reward model, we can label the relevant explanation to enable the

generative reward model to produce a CoT rationale (Zhang et al., 2025a; Wang et al., 2026b). In this case,

we use a prompt c with a CoT rationale generation instruction, as shown below.

You are given two outputs to a user input. Evaluate which output is better based on quality,

relevance, and clarity. If the first output is better, return ‘A’. If the second output is

better, return ‘B’. Note that, before presenting the evaluation results, you should provide

a detailed analytical process and reasoning steps.

We can then define a new loss function for training the generative reward model as follows:

Lgen(θ) = −E(c,x,ya,yb,rat,w∗)∼Dr

[︁
log Prθ(rat|s) + log Prθ(w = w∗|[s, rat])

]︁
(9)

where rat is the labeled CoT rationale for generating a preference between ya and yb. In practice, we

can obtain the evaluation results by prompting a standard LLM (also known as LLM-as-a-judge), as

demonstrated in Section 4.1.1. However, this approach typically underperforms compared to LLMs trained

with preference data (Zhang et al., 2025a; Mahan et al., 2024). One reason is that standard LLMs are not
fine-tuned specifically for the reward modeling task, and as a result, they may not fully capture the nuanced

1In this work, we will use s interchangeably to refer to either the tuple of a training sample or a string representing
that tuple.
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decision-making process that aligns better with human preferences. Also, LLMs trained with preference

data learn to prioritize outputs based on feedback, enhancing their capability to evaluate outputs according

to the desired behaviors and objectives.

Although incorporating CoT rationales into generative reward models improves preference learning, it also

introduces a probability degeneration issue in Eq. (8). Specifically, preference token probabilities often

become saturated near 0 or 1, resulting in limited reward variance. This issue is particularly challenging for

RL algorithms such as GRPO, where relative reward differences are essential for policy optimization. To

address this limitation, researchers investigate ranking-based reward construction approaches. The basic

idea is to use only the ranking capability of generative reward models to derive rewards for RL (Wang et al.,

2026c). Interested readers can refer to this work for further details.

4.1.5 Rubric-based Reward Models

While generative reward models have shown strong performance in preference prediction, they typically

produce an overall judgment for each response or response pair. For complex open-ended tasks, such holistic

evaluation may be insufficient because response quality often depends on multiple instruction-specific aspects.

To address this issue, we can employ rubric-based reward modeling. The basic idea is to introduce a set of

task-specific criteria that explicitly guide the reward model on what aspects to evaluate when predicting

preferences. In practice, these criteria can be organized into different rubric formats, as illustrated below,

where the underlined text in each example represents the rubric.

• Holistic Rubric. A holistic rubric provides multiple evaluation criteria but asks the reward model

to produce a single overall judgment. For example,

Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.
Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.

Please compare the two outputs based on accuracy, informativeness, clarity, and help-

fulness, and give an overall preference.

Reward Model Output:

Output A is better overall because it provides more informative and helpful suggestions.

. . . Therefore, the reward model assigns a higher reward to Output A and selects Output

A as the preferred response.

• Criterion-wise Scoring Rubric. A criterion-wise scoring rubric asks the reward model to assign

a separate score to each evaluation criterion. These criterion-level scores are then averaged or

weighted to obtain the final reward.
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Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.

Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.

Please score each output from 1 to 5 on the following criteria: accuracy, informativeness,

clarity, and helpfulness.

Reward Model Output:

Output A: Accuracy 5/5; Informativeness 5/5; Clarity 4/5; Helpfulness 5/5.

Output B: Accuracy 4/5; Informativeness 2/5; Clarity 4/5; Helpfulness 3/5. . . . After

aggregating the criterion-level scores, Output A receives the higher overall score and is

preferred over Output B.

• Checklist Rubric. A checklist rubric decomposes evaluation into atomic and verifiable conditions.
Each condition is evaluated independently, typically using binary labels such as Pass or Fail.

Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.

Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.
Please check whether each output satisfies the following requirements:

1. Does the response provide exactly three tips?

2. Are the tips relevant to improving math accuracy?

3. Does the response explain the suggested tips?

4. Is the response clear and easy to understand?

Reward Model Output:

Output A: Pass, Pass, Pass, Pass.

Output B: Pass, Pass, Fail, Pass. . . . Since Output A satisfies all checklist items while

Output B does not explain the tips, Output A is assigned the higher reward.

• Hierarchical Rubric. A hierarchical rubric organizes evaluation criteria into multiple levels. The

reward model first evaluates candidate outputs using lower-level criteria and then aggregates these

results into higher-level dimensions to obtain the final reward.
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Reward Model Input

Input: Give me three tips to im-
prove my accuracy in solving math
problems.

Output A: Improving math accuracy
requires careful attention to detail
and consistent practice. Here are
three tips: practice regularly, under-
stand the concepts, and . . .

Output B: Practice more, read care-
fully, and check your answers. . . .

Rubric Generator
(an LLM)

Generated Rubric

Check whether each output
satisfies:
1. Provides exactly three tips
2. Gives math-relevant tips
3. Explains the suggested tips
4. Is clear and easy to read

Generative
Reward Model

Reward Model Output

Based on the checklist:
Output A: Pass, Pass, Pass, Pass.
Output B: Pass, Pass, Fail, Pass.
. . .
Since Output A satisfies all check-
list items while Output B does not
explain the tips, Output A receives
the higher reward.

Preference: Output A

(a) Using an external LLM to generate the rubric

Reward Model Input

Input: Give me three tips to im-
prove my accuracy in solving math
problems.

Output A: Improving math accuracy
requires careful attention to detail
and consistent practice. Here are
three tips: practice regularly, under-
stand the concepts, and . . .

Output B: Practice more, read care-
fully, and check your answers. . . .

Generative
Reward Model

Reward Model Output

We should first use the following check-
list:
1. Provides exactly three tips
2. Gives math-relevant tips
3. Explains the suggested tips
4. Is clear and easy to read

Based on the checklist:
Output A: Pass, Pass, Pass, Pass.
Output B: Pass, Pass, Fail, Pass. . . .

Preference: Output A

(b) GRM self-generates the rubric

Figure 4: Two commonly used approaches for automatic rubric generation. We use checklist rubrics as an

illustrative example.

Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.

Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.

Please evaluate the outputs using the following hierarchical criteria:

Content Quality: Accuracy, Informativeness

Presentation Quality: Clarity, Helpfulness

Reward Model Output:

Output A: Content Quality 5/5; Presentation Quality 4.5/5.

Output B: Content Quality 3/5; Presentation Quality 3.5/5. . . . By aggregating the

lower-level evaluations into the two higher-level dimensions, Output A obtains the

stronger final reward and is selected as the better response.

It is worth noting that reasoning can also be incorporated into rubric-based evaluation. For example, in a

checklist-style rubric, the reward model can be asked to reason about each criterion before producing the

corresponding Pass/Fail judgment. Additionally, although we use pairwise evaluation, i.e., taking (x,ya,yb)
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as reward model input, as the running example, rubric-based reward modeling is equally applicable to

pointwise evaluation, i.e., taking (x,y) as reward model input.

The quality of the rubric is crucial to the performance of rubric-based reward models. As a result, recent

work has devoted increasing attention to constructing high-quality rubrics for reward modeling. Similar to

many other components in machine learning, rubric acquisition generally follows two approaches: manual

design and automatic generation.

For manual design, one straightforward approach is to recruit human experts to write rubrics based on

their domain knowledge and task requirements. However, it is often difficult to design a rubric that

comprehensively covers the diverse cases that may arise across different inputs and tasks. This is because

evaluation criteria that are appropriate for one case may be insufficient for another. Additionally, manually

designed rubrics inherit the prompt sensitivity of LLM-based evaluation: even when the underlying evaluation

dimensions remain the same, small differences in wording can lead to noticeably different results.

One promising strategy is to generate rubrics dynamically based on the input. As shown in Figure 4, existing

approaches generally fall into two categories. The first uses an external LLM to generate task-specific

rubrics from the input and evaluation requirements, which are then provided to the reward model for

preference prediction. The second allows the generative reward model to generate its own rubrics for the

current input and then evaluate candidate responses according to these self-generated criteria.

Both approaches formulate rubric generation as an explicit task. This naturally leads to another idea: can

we optimize the rubric generation process itself to produce better rubrics? The answer is yes. Rubrics

generated directly by LLMs may suffer from limited coverage, redundant criteria, or preference misalignment

(Liu et al., 2026; Shen et al., 2026). To improve rubric quality, we can explicitly refine the generated criteria.

For example, OpenRubrics generates rubrics by contrasting preferred and rejected responses to identify

more discriminative rules and principles (Liu et al., 2026). We can further learn the rubric generation

process itself through RL training (Xu et al., 2026). More recent studies go one step further by allowing

rubrics to evolve with the policy, so that the evaluation criteria continue to capture new weaknesses as the

model improves (Rezaei et al., 2025; Ding et al., 2026; Yu et al., 2026). Rubric optimization is becoming an

active research direction, and interested readers can refer to the aforementioned works for further details.

4.1.6 Reward Model Evaluation

After training a reward model, an important question is how to evaluate whether the learned reward function
can accurately capture human preferences. Unlike conventional supervised models that directly predict

explicit labels, reward models learn to assign scores that reflect the relative quality of different outputs.

As a result, existing evaluation approaches mainly focus on measuring the preference modeling ability of

reward models or their effectiveness in downstream RL optimization. Figure 5 compares three mainstream

evaluation paradigms, including RL-based evaluation, pairwise ranking evaluation, and listwise ranking

evaluation. We summarize these commonly used evaluation approaches as follows.

• RL-based Evaluation. A straightforward approach to evaluate a reward model is to measure its

effectiveness in downstream RL training. Specifically, given multiple reward models {M1
r, · · · ,Mk

r},
we use each reward model to provide reward signals for training a policy model while keeping the

training data, RL algorithm, and hyperparameters identical (Wang et al., 2026a; Frick et al., 2025).

After RL training, we obtain a set of optimized policies {P1, · · · ,Pk} and evaluate them on human

preference benchmarks or downstream tasks. The performance of each policy then serves as an

indirect measure of the quality of its corresponding reward model. In this way, we consider that

a high-quality reward model should provide more reliable reward signals, enabling the policy to

achieve better final performance.

• Pairwise Ranking Evaluation. Although RL-based evaluation directly measures whether a

reward model can improve downstream policy optimization, it suffers from two limitations. First,

it introduces significant evaluation costs. Since RL training requires substantial computational

10



Use each reward model to provide reward signals for RL training, and evaluate the trained policy
on a benchmark. A higher benchmark score indicates that the corresponding reward model is better
aligned with human preferences.

Reward
Model A

Reward
Model B

Reward
Scores

Policy
LLM

Score of
Reward Model A

Score of
Reward Model B

Evaluation
Results

RL training Evaluating the Trained Policy
Using a Benchmark

(a) RL-based Evaluation

(x,y+,y−)

Reward
Model A

Reward
Model B

y+ ≻ y−

y+ ≺ y−

Evaluation
Results

Human prefers y+, so Reward Model A
better aligns with human preferences.

(b) Pairwise Ranking Evaluation

(x,y1,y2,y3, · · · )

Reward
Model A

Reward
Model B

Best is y3

Best is y4

Evaluation
Results

Human preference selects y3 as the best
output, so Reward Model A better aligns
with human preferences.

(c) Listwise Ranking Evaluation

Figure 5: Commonly used reward model evaluation approaches. For the RL-based evaluation approach,

the reward model is used to provide reward signals for policy optimization, and its quality is measured by

the downstream performance of the optimized policy. For the pairwise evaluation approach, the reward

model compares a preferred output with a dispreferred output, and its prediction is checked against human

preference annotations. For the listwise evaluation approach, the reward model selects the best output from

multiple candidates, and the selected output is compared with the human-preferred one.

resources and time, it is difficult to efficiently compare different reward models. Second, the

evaluation results can be sensitive to other factors in the RL pipeline, such as the choice of RL

algorithms, which may introduce additional variations beyond the quality of the reward model

itself. To address these limitations, a more efficient approach is to directly evaluate the preference

ranking ability of reward models. Given a prompt x and two candidate outputs y+ and y−, where
y+ is preferred over y− according to human preference annotations, the reward model predicts

their relative preference. Specifically, for discriminative reward models, we compare the predicted

scores of the two outputs. If the reward model assigns a higher score to y+, its prediction is

consistent with human preference. For generative reward models, the model directly selects y+ as

the preferred output based on its generated preference. Otherwise, the prediction is considered

incorrect. By constructing a large number of pairwise ranking samples, we can evaluate the reward

model using ranking accuracy:

Acc =
1

N

N∑︂
i=1

I
[︁
Rθ(xi,y

+
i ) > Rθ(xi,y

−
i )

]︁
(10)

where N denotes the number of evaluation samples. Examples of this evaluation approach include

RewardBench (Lambert et al., 2025; Malik et al., 2026), RM-Bench (Liu et al., 2025), RMB (Zhou

et al., 2025), and JudgeBench (Tan et al., 2025).

• Listwise Ranking Evaluation. In practical alignment scenarios, the reward model often needs

to select the best output from multiple candidates, such as in best-of-n sampling or reranking.

Therefore, listwise ranking evaluation measures whether a reward model can produce a consistent

ranking over a set of candidate outputs. Specifically, given a prompt x and a candidate output set:

Y = {y1,y2, · · · ,yn}, the reward model assigns scores to all candidates. Based on the computed
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rewards, the reward model selects the highest-scoring output:

ybest = arg max
yi∈Y

Rθ(x,yi) (11)

The selected output is then compared with the human-preferred output to evaluate how well the

reward model captures human preferences. We take PPE (Frick et al., 2025) as an example to

illustrate this evaluation approach. Specifically, we can construct each evaluation sample with

multiple candidate outputs, where the quality of each output can be automatically verified. For

example, in mathematical reasoning tasks, we can use an answer verifier to determine whether each

generated solution is correct. Given a set of candidates Y , the verification result of each output can

be represented as:

vi = Verify(x,yi), vi ∈ {0, 1} (12)

where vi = 1 indicates that the output is correct. If the output selected by the reward model is

verified as correct: Verify(x,ybest) = 1, the reward model is considered successful on this instance.

The final performance is measured by the selection accuracy over all evaluation instances:

Acc =
1

N

N∑︂
j=1

I(Verify(xj ,y
j
best) = 1) (13)

where N denotes the number of evaluation instances.

4.2 Better Advantage Estimation

Accurate advantage estimation is critical in RL, particularly when optimizing the policy model to truly

reflect the potential benefits of different actions (or tokens in training LLMs). In this subsection, we will
delve into methods for improving advantage estimation, providing more accurate advantages in the process

of optimizing the policy model.

4.2.1 Temporal Difference-based Advantage Estimation

Let us first review the Monte Carlo-based advantage estimation. As discussed in Section ??, outputs are

sampled and their values computed. The advantage can be obtained by comparing the actual received

rewards with the predicted values at time step t:

At =

T∑︂
k=t

rk − Vt (14)

While the Monte Carlo-based estimation of advantage provides a relatively stable training process, there

are two main challenges associated with it:

• Sampling an entire output for each input is necessary. In some cases where immediate rewards are

available, it could be more efficient to update the policy model with partial output. Unfortunately,

when using Eq. (14) for advantage estimation, this becomes unfeasible. This is because we must

compute the term
∑︁T

k=t rk, which requires the rewards of the entire output.

• This method still results in high variance. Since a single sample operation might be influenced by

random factors, the estimated results may not be stable, as illustrated in Figure 6.

To address these challenges, an alternative approach is the temporal difference-based advantage estimation

(Sutton, 1988), which allows for estimating the advantage using incomplete outputs. More specifically,

this method computes the difference between the predicted values at consecutive time steps (i.e., current

and next steps), adjusting the advantage estimate based on new information as it becomes available, thus

12



Improving math accuracy requires

careful attention to detail, strate-

gic problem-solving techniques,

and consistent practice. Here are

three tips:

1. Understand the Fundamentals: Building a strong

foundation in mathematics starts with a solid un-

derstanding of the basics. ...

y<t

Total Tokens: 60, Reward: 6

1. Practice regularly:
- Consistent practice builds fluency and familiarity
with different problem ... Total Tokens: 80, Reward: 8

1. Understand the fundamentals: Solidify your

understanding of basic mathematical principles such

as arithmetic, algebra, ... Total Tokens: 50, Reward: 5

· · ·

Tip 1: Delve into the labyrinth of equations with

the focus of a hawk hunting its prey. Leave no

variable unturned, ... Total Tokens: 300, Reward: 30

y1,t:T

y2,t:T

y3,t:T

yd,t:T

Figure 6: Illustration of the issue of high variance in Monte Carlo-based advantage estimation, using

a length-based reward function as described in Eq. (??). Typically, if the value model is well-trained,

it would predict an average Vt of 6 at time step t, based on most outputs having around 60 tokens in

length. However, for outlier outputs like yd,t:T , which might extend up to 300 tokens, the advantage

estimation can exhibit high variance. For instance, the advantage for such an outlier could be computed as

At(x,yd,<t, yd,t) =
∑︁T

k=t rk − Vt = 30 − 6 = 24, a stark contrast to another output, say y1,t:T , which is

closer to the average length, where the advantage might be At(x,y1,<t, y1,t) = −1. This discrepancy leads

to high gradient variance, potentially destabilizing the learning process.

reducing the dependency on the entire output. In a practical implementation, the temporal difference-based

advantage estimation can be given by

ATD
t = rt + γVt+1 − Vt (15)

By focusing on the current and next steps, temporal difference-based advantage estimation minimizes the

influence of distant future events. This leads to lower variance in optimizing the policy model and improves

the stability of policy training.

4.2.2 Generalized Advantage Estimation

While temporal difference-based estimation effectively reduces variance, it can also increase estimation

bias due to its heavy reliance on the predictions of the value model. By contrast, one effective method is

generalized advantage estimation (GAE), which is one of the most popular advantage estimation methods

used in LLMs and other fields (Schulman et al., 2016). This method mainly refines the advantage estimation

by using exponentially weighted averages of temporal-difference residuals across multiple future steps. More

specifically, consider the temporal-difference residual δt at time step t, defined as

δt = rt + γVt+1 − Vt (16)

GAE introduces parameters that dynamically balance the trade-off between bias and variance. This basic

idea is to use the weighted sum of multi-step temporal-difference residuals as an estimation of the advantage,
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· · ·
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Model

Fixed

Reward

Model

Fixed

Rϕ(x,y1)

Rϕ(x,y2)

· · ·
Rϕ(x,yG)

Advantage

Estimation
{Agrpo

1,t , · · · , Agrpo
G,t }

1 sample multiple outputs {y1,y2, · · · ,yG} 2 compute the Penalty

3 compute the reward for all sampled outputs 4 optimize the policy model

1

3

Penalty

2

4

Figure 7: Group relative policy optimization. Compared to PPO, it foregoes the value model by estimating

advantages directly from the rewards of a group of outputs. This method can simplify the training process

and reduce the computational resources.

combining the advantages of Monte Carlo (high variance and low bias) and temporal difference methods

(low variance and high bias). This combination can be expressed as

Agae
t =

T−t∑︂
n=0

(γλ)nδt+n (17)

We can recursively develop the above model:

Agae
t = δt + γλAgae

t+1 (18)

This recursive formulation shows that the current advantage estimate incorporates not only the immediate
temporal difference error at time t but also the estimated advantages of future time steps, weighted and

adjusted by the parameters γ and λ. This method effectively combines the strengths of both Monte Carlo

and temporal difference methods, leading to a more stable and efficient training process.

4.2.3 Group Relative Policy Optimization

Although the methods discussed in the previous subsections effectively estimate advantage during the

learning process, they all rely on a value model that is typically trained concurrently with the policy model.

This dependence not only complicates the training process but also requires significant computational

resources when applied to training LLMs. Given this, a natural idea arises: could we use more lightweight

methods to compute the advantage without relying on the value model? By doing so, we could forego the

value model component, thereby improving efficiency.

In fact, this is entirely feasible, and one example of such an approach is Shao et al. (2024)’s approach, called

group relative policy optimization or GRPO for short. In the GRPO approach, the advantage is computed

based on the relative rewards of the outputs within each group. More specifically, given an input x, GRPO

samples a group of outputs Y = {y1,y2, · · · ,yG}. Then, the rewards for each output are computed using a
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reward model or a reward function, denoted as R = {R(x,y1), R(x,y2), . . . , R(x,yG)}. The advantage of

the i-th output can be computed through a relative reward in comparison to the other outputs:

Agrpo
i,t =

R(x,yi)−Mean(R)

Std(R)
(19)

where Mean(·) and Std(·) represent the mean and standard deviation functions, respectively. Note that the

advantage computation used here differs slightly from that in PPO. In this case, this computed advantage

is applied to each time step, whereas in the traditional PPO, we separately compute an advantage for

each time step. At this point, we can also use the process reward model to supplement the advantage

computation, allowing us to compute an advantage specific to each time step. A simple way to achieve this

is by implementing Eq. (19) at each time step, where the rewards are computed using the process reward

model. As a result, the objective for GRPO can be defined according to Eq. (??):

Lg(θ) = −Ex∼Sx

1

G

G∑︂
i=1

[︄
T∑︂

t=1

Clip
(︁ Prθ(yi,t|x,yi,<t)

Prθref (yi,t|x,yi,<t)
Agrpo

i,t

)︁
− βPenalty

]︄
(20)

In addition to optimizing the advantage computation, GRPO modifies the penalty term to enhance the

optimization objective further. However, since our focus here is on advantage estimation, we will not delve

into its details. Interested readers can refer to the GRPO paper for further details. The workflow of GRPO

is illustrated in Figure 7, showcasing how these modifications integrate into the training process.

Moreover, there are other methods like GRPO that design advantage estimation without relying on a value

model for training LLMs, such as those discussed in Li et al. (2024) and Hu (2025).

4.3 Efficient RL Methods

Efficiency is a critical consideration for many practical applications of RL, and it becomes even more
significant in LLM training due to their vast number of parameters. For example, we might wish to train

LLMs using RL, given memory and time constraints. In practice, the efficiency of RL is not a single issue

but encompasses a wide range of challenges. While these challenges can be categorized in various ways in

the existing literature, we focus on two fundamental aspects: time and space efficiency, which are commonly

considered in efficiency-related problems. For these two efficiency problems, we aim to achieve the desired

RL performance with the least amount of time and memory required.

In this section, we will not discuss all the issues related to the efficiency of RL, which is an extensive topic.

Instead, we will focus on the commonly used efficient methods for training LLMs with RL. Some of these

methods refine the sampling process, while others aim to eliminate certain components, such as the reward

model, and utilize alternative lightweight methods in their place. Nonetheless, although these efficient

methods are suggested for training LLMs, they are rather general and can be utilized in other RL scenarios.

4.3.1 Dynamic Sampling

As mentioned in Section ??, training LLMs with RL typically requires sampling for each sample x in

Sx, which introduces significant computational time overhead. This becomes particularly challenging in

large-scale RL scenarios, where thousands of training steps need to be conducted, such as in DeepSeek-R1

(Guo et al., 2025).

From the perspective of LLM inference, there are many methods to reduce the time overhead of sampling:

since the sampling process is implemented by LLM inference, we have reason to believe that any method

that accelerates inference can also be applied to reduce the time required for sampling. Examples include

KV-Cache (Pope et al., 2023), quantization (Zhao et al., 2024), and speculative decoding (Chen et al., 2023).

However, in this section, we will not discuss these methods in detail, as there are numerous approaches,

each addressing different aspects of LLM inference. We refer the interested readers to these papers for more
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details. Instead, we will focus on one particular method that aims to reduce sampling overhead from the

perspective of optimizing RL for training LLMs.

Before discussing specific methods, let us first review the purpose of sampling. Given a sample x, the goal of

sampling is to explore a better output y from the policy model. This process allows us to evaluate different

possible outputs in order to find those that lead to improved outcomes, enabling the model to make more

informed decisions and optimize its performance on the state. Unlike typical RL scenarios, where policy

models may start with limited information or random initialization, the policy model in LLM training is

usually quite advanced. These LLMs often begin as pre-trained models equipped with substantial knowledge

acquired through pre-training and SFT. As a result, for certain samples, we can consider that the policy

model may already perform well without the need for further exploration and optimization. This can be

viewed through the lens of the classic RL dilemma of exploration versus exploitation (Sutton & Barto,

2018). In such cases, exploration may be less necessary, and exploiting the knowledge already embedded

in the pre-trained model could be more effective. Thus, a balance must be struck between exploring new

possibilities and leveraging the pre-existing knowledge of the policy model to maximize efficiency.

To achieve this balance between exploration and exploitation, one simple and straightforward approach to

improving the efficiency of sampling is to identify the samples that are required to explore and perform

sampling only for those samples. Given an input-only dataset Sx = {x1,x2, . . . ,xN}, where N denotes the

size of the dataset, we can use a reward model to evaluate the need for exploration by the policy model.
First, we generate ŷ for each x using greedy search. Then, by taking x and ŷ as input to the reward model,

the reward for the k-th sample xk is computed as Rϕ(xk, ŷk).

At this point, we can directly use the reward value to determine whether the policy model requires further

exploration and optimization for the sample. Specifically, we set a threshold rupper. If the reward for a

sample exceeds rupper, we can consider that no further sampling and optimization is required. Otherwise,

exploration and optimization are required. This approach enables selective sampling and optimization,

improving the efficiency of the overall process by focusing resources on the most promising samples that are

likely to benefit from further exploration (Wang et al., 2024a). A challenge in implementation is determining

the value of rupper. Typically, we set it as the average reward:

rupper =
1

N

N∑︂
i=1

Rϕ(xi, ŷi) (21)

A similar dynamic sampling strategy, known as prioritized sampling, has proven effective in large-scale RL

scenarios (Team et al., 2025). However, we must consider another important factor in dynamic sampling.

For samples with very low rewards, the policy model may lack the capacity to learn and optimize effectively.

Excessive exploration of such samples can be inefficient. Consequently, we can introduce an additional

threshold rlower to eliminate unnecessary exploration of these low-reward samples, thereby enhancing

efficiency. In this case, the policy model can concentrate its exploration and optimization efforts on a select

group of samples, avoiding wasted sampling time on those that are unlikely to explore a more optimal

output (Li et al., 2025).

A concept closely related to the discussion here is sample efficiency. This topic has been widely discussed in
recent literature. For example, some research on knowledge distillation seeks to select a smaller subset of

samples to achieve more optimal performance (Wang et al., 2021). More recently, much work on instruction

sample selection in SFT aims to improve SFT efficiency by learning from a small number of instruction

samples (Chen et al., 2024).

4.3.2 Lightweight Reward Methods

An additional computational overhead in training LLMs with RL is the frequent need to call the reward

model to compute rewards. Furthermore, to ensure the reliability and generalizability of the reward model,
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we often scale it to a large size (Gao et al., 2023), which increases the computational time for reward

computations.

One approach for mitigating this issue is to explore rule-based rewards, for example, as discussed in

Section ??, the length of the outputs could be utilized as a reward. Instead of relying on large-scale,

resource-intensive models, rule-based rewards assign rewards using predefined and task-specific rules. These

rules, often derived from expert knowledge or task-specific requirements, are computationally inexpensive

and provide fast, effective feedback to the policy model. By replacing or complementing traditional reward

models with rule-based approaches, we can reduce both the time and computational cost associated with

reward computations while still offering meaningful guidance for the learning process. This approach is

also based on the understanding that, in some tasks, human preferences are simple to describe and do not

require the complexity of training a reward model. Instead, we can use rules to express these preferences

efficiently.

Here, in addition to the previously mentioned length-based rewards, we further demonstrate two examples

of rule-based rewards. First, considering the output format, we can design rewards that encourage the
policy model to generate outputs adhering to specific formats. For example, in response to the input “Give

me three tips to improve my accuracy in solving math problems,” we can assign rewards based on whether

the output can be parsed as JSON correctly and include “tip1”, “tip2”, and “tip3” as the keys.

Input Give me three tips to improve my accuracy in
solving math problems. Return in JSON for-
mat with “tip1”, “tip2”, “tip3” as the key and
the corresponding tip as the value. (Expect
a JSON output)

Output 1 {
”tip1”: ” Delve into the labyrinth of equa-

tions with the focus of a hawk hunting ...”,
”tip2”: ” Engage in the art of problem-

solving like a master alchemist turning ...”,
”tip3”: ”Practice, practice, practice, until

the numbers themselves bow in reverence ...”
} (Valid: True)

Output 2 tip1: ” Delve into the labyrinth of equations
with the focus of a hawk hunting ...”,
tip2: ” Engage in the art of problem-solving
like a master alchemist turning ...”,
tip3: ”Practice, practice, practice, until the
numbers themselves bow in reverence ...”
(Valid: False)

Format

Checker

Reward

+1

+0

Similarly, in mathematical reasoning tasks, where the desired outcome is a correct final answer, we can

design a rule to verify the correctness of the answer and provide rewards based on whether the result is

correct (Havrilla et al., 2024; Shao et al., 2024).
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Input Weng earns $12 an hour for babysitting. Yes-
terday, she just did 50 minutes of babysitting.
How much did she earn? (Answer is 10)

Output 1 Weng earns 12/60 = $0.2 per minute. Work-
ing 50 minutes, she earned 0.2 x 50 = $10.
#### 10 (Res: 10)

Output 2 To find out how much Weng earned from the
50 minutes of babysitting, we need ...
50 minutes x $12 per hour = $600
So, Weng earned $600 from the 50 minutes of
babysitting.

#### 600 (Res: 600)

Answer

Verification

Reward

+1

-1

In addition to improving computational efficiency, another benefit of using rule-based rewards is their

stability. Compared to reward models, rule-based rewards are less prone to issues such as reward hacking.
As the rules are predefined and not subject to the same complex training process as traditional models,

the risk of misalignment between the optimization objectives of the policy model and the oracle rewards

is reduced. This stability makes rule-based rewards a more predictable and reliable approach, ensuring

that the learning process of the policy model is less influenced by prediction errors or biases that may arise

from the reward model. Furthermore, recent research has shown that employing rule-based rewards can

significantly enhance the reasoning capabilities of LLMs through RL, underscoring its practical effectiveness
(Guo et al., 2025; Xie et al., 2025).

Another lightweight reward method is to use a reward model with fewer parameters, which would reduce

both computational time and resource usage. There are several methods to achieve this. For example, given

that reward models fundamentally utilize an LLM, many efficient methods, such as Mixture of Experts

(MoE) (Masoudnia & Ebrahimpour, 2014) and model pruning (Sun et al., 2024), originally developed for

LLMs can be adapted to the reward model to improve its efficiency. Furthermore, knowledge distillation

techniques offer a pathway to construct a smaller reward model that learns to emulate the behavior of a

larger one (Wang et al., 2023a). These approaches not only improve the efficiency of the reward model but

also maintain its ability to deliver accurate rewards.

4.4 Direct Preference Optimization

Although learning reward models is a standard step in RL, it makes the entire training process much more

complex than supervised training. Training a reliable reward model is itself not an easy task and a poorly

trained reward model can greatly affect the outcome of policy learning. We now consider an alternative

method, called direct preference optimization (DPO), which simplifies the training framework by eliminating

the need to explicitly model rewards (Rafailov et al., 2023). This method directly optimizes the policy

model based on user preferences rather than developing a separate reward model. As a result, we can

achieve human preference alignment in a supervised learning-like fashion. Figure 8 shows a comparison of

the standard PPO method and the DPO method.

DPO simplifies the RL process for LLMs by utilizing a straightforward cross-entropy loss, which streamlines

the learning process and enhances its stability. Rather than delving into the detailed derivation of the DPO
loss function, we will discuss its optimization objective from the perspective of optimizing an LLM. The

loss function derived from a Bradley-Terry reward model can be given by

Ldpo(θ) = −E(x,ya,yb)∼Dr

[︁
log Sigmoid

(︁
β log

Prθ(ya|x)
Prθref (ya|x)

− β log
Prθ(yb|x)
Prθref (yb|x)

)︁]︁
(22)
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(a) Training LLMs with PPO
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Figure 8: Standard PPO vs. DPO in training LLMs. In PPO, the human preference data is used to train

a reward model, which is then employed to train the policy and the value function. In DPO, the use of

human preference data is more direct, and the policy is trained on this data without the need for reward

model training.

This loss function utilizes the implicit reward for DPO training, which replaces the need for an external

reward model. The implicit reward is computed as the log-ratio of probabilities:

R(x,y) = β log
Prθ(y|x)
Prθref (y|x)

(23)

Here, we can consider that DPO directly models human feedback through the relative likelihood of outputs
under the policy and reference models. This method provides a more straightforward approach than

traditional methods that use a separate reward model and then apply RL algorithms like PPO to adjust the

probabilities of sampled outputs. In this way, we can further understand the optimization objective of DPO

by leveraging the hypothesis space as mentioned in Section ??. In practice, as illustrated in Figure 9, we

can see DPO as reranking in the hypothesis space through the Bradley-Terry model approach. Specifically,

this method increases the probabilities of preferred outputs in preference data while decreasing those of

dispreferred ones. Similar to TRPO, DPO also incorporates a penalty derived from the reference model,

which ensures that updates remain within a trusted behavior space for the policy model.

However, there are two sides to every coin. While DPO simplifies the RL process, it also introduces

limitations. Notably, since DPO eliminates the exploration phase during training, its potential peak

performance is generally considered lower compared to RL-based methods like PPO, which incorporate

exploration to discover more effective policies. In other words, the performance of DPO is inherently

bounded by the labeled preferred outputs in the preference data. To address this limitation, current

approaches focus on ensuring high-quality preferred outputs, either by employing advanced LLMs like

GPT-4 or through human labeling (Cui et al., 2024a; Morimura et al., 2024).
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x Give me three tips to improve my accuracy in solving math
problems.

Improving accuracy in math problem-solving is crucial for suc-
cess. Here are three tips to help you enhance your accuracy:
1. Focus on Understanding Concepts: Before diving into solving
problems, ensure you have a solid understanding of the under-
lying concepts. Break down the problem into smaller parts and
relate each part to the concepts you’ve learned. Understanding
the theory behind the problem will help you choose the right
approach to solve it accurately.
2. Practice Regularly: Like any other skill, math proficiency
improves with practice. Work on a variety of problems reg-
ularly to build your problem-solving skills and increase your
accuracy. Start with easier problems and gradually move on to
more challenging ones. Consider using resources like textbooks,
online problem sets, or math apps to practice.
3. Check and Review Your Work: After solving a problem,
always double-check your work for any errors. Pay attention to
details such as signs, decimal points, and units. If time permits,
try solving the problem using a different method to verify your
initial answer. By reviewing your work, you can catch and
correct any mistakes, improving your overall accuracy.

ya

There are three tips for improving accuracy in solving math
problems:
1. Practice regularly.
2. Understand the concepts.
3. Double-check your work.

yb
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Figure 9: Illustration of the optimization objective of DPO from a hypothesis space perspective. The

right-top chart shows the probability distributions over different hypotheses before optimization, where ya

is the preferred output and yb is the dispreferred output. The right-bottom chart shows the probabilities

after applying DPO, where the likelihood of the preferred output increases and that of dispreferred outputs

decreases. Note that during this optimization process, outputs similar to the preferred output ya (such as

y1) will obtain an increased probability, while those similar to the less preferred output yb (such as y2) will

experience a decreased probability, due to the generalization of the model.

Another limitation associated with DPO is over-optimization. Since DPO employs the Bradley-Terry model

for modeling preferences, it can suffer from over-optimization, such as length exploitation, where a longer

output might be mistakenly deemed as more aligned with human preferences (Singhal et al., 2023; Wang

et al., 2023b). Many efforts have been made to address this issue and propose different variants of DPO, as

detailed in Table 1. Note that here we only provide an introduction to their optimization objectives. For

more discussions on these variants, interested readers can refer to the related papers.
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Method Objective

IPO (Azar et al., 2024)
(︂
log Prθ(ya|x)

Prθref (ya|x) − log Prθ(yb|x)
Prθref (yb|x) −

1
2τ

)︂2

CPO (Xu et al., 2024) − log Sigmoid (β log Prθ(ya|x)− β log Prθ(yb|x))− λ log Prθ(ya|x)

KTO (Ethayarajh et al., 2024)
−λaSigmoid

(︂
β log Prθ(ya|x)

Prθref (ya|x) − zθref

)︂
+ λbSigmoid

(︂
zθref − β log Prθ(yb|x)

Prθref (yb|x)

)︂
where zθref = E(x,y)∼S [βKL (Prθ(y|x)||Prθref (y|x))]

ORPO (Hong et al., 2024)
− log pθ(ya|x)− λ log Sigmoid

(︂
log pθ(ya|x)

1−pθ(ya|x) − log pθ(yb|x)
1−pθ(yb|x)

)︂
where pθ(y|x) = e

1
|y| log Prθ(y|x)

R-DPO (Gallego, 2024) − log Sigmoid
(︂
β log Prθ(ya|x)

Prθref (ya|x) − β log Prθ(yb|x)
Prθref (yb|x) + (α|ya| − α|yb|)

)︂
PCDPO (Zhou et al., 2024)

− log Sigmoid (∆∗ −∆Prθ )− log Sigmoid∆Prθ ,

where ∆Prθ = β log Prθ(ya|x)
Prθref (ya|x) − β log Prθ(yb|x)

Prθref (yb|x) , ∆∗ = β1

Sim(ya,yb|x)+β2
+ β3

SimPO (Meng et al., 2024) − log Sigmoid
(︂

β
|ya| log Prθ(ya|x)− β

|yb| log Prθ(yb|x)− γ
)︂

ODPO (Amini et al., 2024) − log Sigmoid
(︂
β log Prθ(ya|x)

Prθref (ya|x) − β log Prθ(yb|x)
Prθref (yb|x) − δ(x,ya,yb)

)︂
Cal-DPO (Xiao et al., 2024)

− log Sigmoid (∆Prθ ) + λLcal

where ∆Prθ = β log Prθ(ya|x)
Prθref (ya|x) − β log Prθ(yb|x)

Prθref (yb|x) , Lcal calibrates implicit rewards.

TDPO (Zeng et al., 2024)
− log Sigmoid

(︂∑︁Ta

t=1 β log
Prθ(ya,t|x,ya,<t)

Prθref (ya,t|x,ya,<t)
−

∑︁Tb

t=1 β log
Prθ(yb,t|x,yb,<t)

Prθref (yb,t|x,yb,<t)

)︂
+ λ

∑︁
t KLt

where KLt denotes the token-level KL regularization term.

AOT (Melnyk et al., 2024)
LOT ({rθ(x,ya)}, {rθ(x,yb)})
where rθ(x,y) = β log Prθ(y|x)

Prθref (y|x)
, and LOT aligns preference distributions via optimal transport.

D2PO (Shao et al., 2025) − log Sigmoid
(︂∑︁T

t=0 γ
tβ log

Prθ(ya,t|x,ya,<t)
Prθref (ya,t|x,ya,<t)

−
∑︁T

t=0 γ
tβ log

Prθ(yb,t|x,yb,<t)
Prθref (yb,t|x,yb,<t)

)︂

Table 1: DPO variants and their optimization objectives.
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